Abstract-Source-free and forced solutions for the electromagnetic fields in and around a periodic array of finite-length conducting cylinders are assembled from a Galerkin procedure using a Chebyshev polynomial basis with built-in edge-condition behavior. A localized source excites slow surface-waves under certain conditions on the electrical circumference and spacing of the tubular structure. These eigenmodes are the solutions to the homogeneous boundary value problem. A numerical search for the axial propagation constant that minimizes the smallest singular value of the governing Galerkin matrix provides the required dispersion relation.
I. INTRODUCTION
S OURCE-FREE solutions to the Maxwell equations that represent traveling waves on infinite arrays of end-to-end, finite-length, open, conducting, circular cylinders ( Fig. 1 ) are studied. These modes can also be excited by localized sources, and their existence explains the resonances that occur in axial arrays of closely-spaced loop antennas [1] . The tubes behave as ring elements in the limit as the tube length, or strip width labeled in Fig. 1 , shrinks to zero. Simultaneous systems of infinite, homogeneous equations are regularized in [2] for the complex dispersion relation of the tape grating. Numerical results are given in [2] for the -independent or axisymmetric Fourier modes; the only modes that do not exhibit the resonance phenomena that motivate the present paper.
The mathematical statement and solution of the boundary value problem for the periodic arrangement of tubes is a modification of the method used in [3] for a single tube: The Fourier integral (in ) for the aperiodic geometry is replaced by a Fourier series of Floquet modes in the infinite array problem. Surface currents on the tubes are represented in Section II by series of Chebyshev polynomials that are weighted by factors that include the appropriate edge conditions. A Galerkin procedure based on these efficient expansions yields a low-order matrix equation that characterizes the dynamics of the tape array in Section III, when the excitation is a uniform plane wave.
The axisymmetric geometry of the tape grating makes it possible, more accurately makes it desirable, to concentrate upon a single azimuthal Fourier mode . For this purpose, an idealized source consisting of an array of ring currents, is introduced into the interior of the grating in Section IV. A super- position [4] of the net field in and around the periodic grating, over the linear phase of the array source, produces the response of the periodic structure to a single, localized source. Consider axial wave behavior of the form . The axial spectrum or -dependence of a localized source can couple to a slow wave having , whereas no slow wave components appear in the response of the infinite array to a uniform plane wave incident from the polar angle , where the effective axial wavenumber is . A concise account of the numerical solution to the eigenvalue or source-free problem is given in Section V. The eigenmodes of the periodic structure are found by first looking for propagation constants that minimize the smallest singular value of the governing matrix [4] , [5] . Array fields and currents from plane wave, ring array, and isolated ring current sources have been studied. Typical results are included and discussed in Section VI, with particular emphasis on the existence or nonexistence of the surface-wave modes predicted by the method of Section V. Currents induced by a plane wave upon a thin tape grating agree with the currents on a ring array that are independently calculated [1] .
0018-926X/$20.00 © 2006 IEEE The other extreme, as , of a nearly closed circular waveguidewithcircumferentialslots,isprobablymoreefficiently modeled as an aperture problem. Nevertheless, this is a limiting case for the present analysis and included is a short table of complex propagation constants of the open structure modes that are descendants of the cut-on mode of the circular pipe. The specific applied electromagnetics problem addressed in this paper is important for antenna and microwave engineering because it is one contribution, by example, to our appreciation and understanding of possible wave processes on arrays. The effect of relaxing the idealizations in the problem, such as infinitesimally thin and lossless conductors, would likely be a small perturbation.
II. FLOQUET MODES AND CURRENT EXPANSIONS
Under the time-harmonic convention, the sourcefree Maxwell equations together with the usual wavenumber and intrinsic impedance are merged to bear the vector Helmholtz equation in both the electric and magnetic field intensities. In cylindrical polar coordinates , the elimination of and leaves (1) and (2) Consider the th Fourier mode in , i.e.
whereupon (2) reduces to
The orthogonality of the Fourier basis has eliminated any -dependence in (4) and the analysis can separately focus on individual azimuthal modes of index . The periodic geometry of the tape grating of Fig. 1 suggests the construction of solutions for the Cartesian components in the form (5) (6) in terms of the Floquet modes having (7) Note that the dimensions of the coefficients and are those of the electric field (V/m). The phase constant can be complex, and both discrete and continuous spectral sums can occur. In the forced problem, the values are required to match the source. The eigenvalue problem seeks discrete values of that result in identifiable source-free modes. The separation equation determines the radial constant (8) The branch of the square root is chosen, consistent with the radiation condition, so that the real part of is non-negative. Such outward propagation behavior, manifested in the phase of the field as , takes precedence over any traits that may be exhibited by the magnitude of the field. In particular, leaky waves are permissable. If both and are real, then (9) The -components of the fields, from (4), are expressible as functions of the -components, and subsequently are written in terms of the spectral coefficients and as (10) and (11) Both and are continuous (12) across the complete surface that is the boundary in this exercise in partial differential equations. The discontinuity in tangential magnetic field is the surface current (13) and (14) simplified via the Wronskian for the Bessel functions. Edgecondition behavior is anticipated by the Chebyshev polynomial expansions [3] , for (15) and (16) Note that the dimensions of the coefficients and are also (V/m). The orthogonality of the Floquet modes (17) motivates the application of the inner product operator (18) to each of (15) and (16), resulting in (19) and (20) The useful pair of integrals (21) and (22) facilitate final expressions for the modal coefficients in terms of the current coefficients (23) and (24) III. PLANE WAVE EXCITATION Consider a uniform, plane electromagnetic wave incident upon the structure of Fig. 1 with the incident wavevector in the plane and making an angle with the positive -axis. Two polarizations of the incident electric field are of interest. In the case of perpendicular polarization, where the incident electric field is perpendicular to the plane of incidence (25) The required expansions of the tangential components on the cylindrical surface are
When the incident electric field is polarized parallel to the plane of incidence (28) and the relevant boundary data is
The axisymmetric geometry of this problem permits the separate consideration of each of the azimuthal modes , since the boundaries are independent of and therefore the orthogonality of these Fourier modes is preserved by the field operators. With the fields of Section II now regarded as the scattered fields, vanishing of the total tangential electric field on the conducting portion of the surface in the fundamental unit-cell of the periodic structure gives, for each Fourier index , a pair of series equations. In the particular instance of parallel polarization, these are (31) and (32) The common parameter in (7) is now fixed by the excitation as 
The -components of the primary fields due to this infinite array of ring currents, in the notation of Section II, are
and (49) All of the analysis above is based on the periodicity of the infinite array structure and the linear phase variation of the uniform plane-wave or infinite ring-array sources. The response of the periodic structure to a single ring source, located in the plane (select ), is computed by superimposing (integrating) array responses for a sequence of linear phase shifts [4] . Consider the simplified source function Only the source singularity at survives; all others have been canceled by the superposition. Therefore, if a discrete superposition of the infinite array analysis of this section is performed for a suitably fine partition of , the result is a numerical synthesis of the single-source fields.
V. SOURCE-FREE SOLUTIONS
The source-free solutions or eigenmodes of the periodic structure of Fig. 1 are non-trivial solutions to the source-free Maxwell equations that satisfy homogeneous boundary conditions for and on the conducting surfaces of the tape rings. For the present discussion, introduce the simplified notation (56) for the homogeneous form of the characterizing matrix equation (37). Allowable modes of propagation, described in terms of the current coefficients and that now comprise the vector , correspond ideally to the null vectors of the coefficient matrix . Recall that the propagation constant appears in the outset of the analysis of Section II in (7) and is a fundamental parameter of both the forced and unforced variants of the boundary value problem. A numerical search for the (generally complex) values of that minimize the smallest singular value of the matrix [5] , [6] , from a singular value decomposition, is the key step in constructing the natural modes of the periodic structure. The idea is to render the vector small without making small. In view of the inherent finite-dimensionality and virtual inexactness of the numerics used to generate , the label "nearly singular" is an honest description of the condition on that is desired. Searching for local minima in the smallest singular value is numerically superior to examining the determinant, for example.
VI. RESULTS AND INTERPRETATION
The numerical or "self" convergence of the Chebyshev-Galerkin analysis is stable and a small number of terms in the series (15) and (16) are sufficient. Table I displays the convergence behavior of the normalized propagation constant that results from the eigenvalue analysis of Section V. The illustrative parameters chosen are and the azimuthal resonance occurs since . The two columns correspond to a reasonably open grating and a mostly closed structure . As the truncation index is varied from 1 to 8, the calculated value of for the first grating oscillates in the fifth digit, giving answers that are stable to four significant digits. Dynamic wave effects are more important along the axial extent of the wider tapes, resulting in a self convergence to three significant digits when the Chebyshev series are truncated at or higher. Boundary condition satisfaction, normalized to the incident field in the forced problem or to the peak field in the eigenvalue problem, is typically good to five or more significant digits across the length of a tape ring, but higher errors (typically ) do occur close to the edge of an element. All of the following numerical results have been checked for self convergence with respect to series truncation and boundary condition behavior as stated.
One motivation for the present paper is to corroborate and explain the numerical results in [1] , where resonances are observed in axial arrays of closely-spaced loop antennas. The altogether different analysis of [1] is based on an integral equation for the current induced on circular rings, also of radius , and comprised of thin wires of radii . The thin-wire kernel is enlisted where the small skinniness parameter is . The common engineering approximation (see [7] for example) (57) that relates a thin strip of width to a thin wire of diameter , is used to compare the numerical results of the two methods. As the tape strip shrinks in width , the Chebyshev series (15) and (16) for the surface currents require only two or three terms, and the -component of the current is negligible compared with the -component. The equivalent ring current (58) is a function only of the 0th current coefficient. However, the resultant value of is a bit more accurate if at least a couple of the and the coefficients are included in the matrix calculations.
Table II displays the normalized -directed induced current on the 0th element of the infinite array for the first eight Fourier modes . The skinniness parameter of [1] is . Each ring is individually resonant in the Fourier mode since . The rings are closely spaced at or in terms of a free-space wavelength. The strip-towire equivalence of (57) then gives (59) in the language and notation of the tape rings. Data corresponding to both polarizations of a plane wave incident from comprises the two columns of Table II . For each Fourier index , the numbers are paired vertically so that the upper values are from the present tape grating analysis, and the lower values are from the ring array analysis of [1] . The agreement between the independently computed currents offers validation of each of the approaches. single ring source is seen to be just inside the bottom tape ring. The difference between these two configurations is the tapes in Fig. 3 are spaced at and in Fig. 4 the spacing is decreased to . A typical dispersion curve for the slow eigenmode is drawn in Fig. 5 for an array of tape rings having . The bidirectionality inherent in the symmetric grating of Fig. 1 shows up in the eigenvalue problem in that both are solutions. The termination of the passband in Fig. 5 is , where the propagation constant of (7) for intersects the propagation constant for . This is the explanation for the numerical findings reported in [1] , where high resonances of axial arrays of thinwire rings are observed for . When , and with the other parameters still held at , , and , the eigenvalue analysis of Section V unveils the existence of a slow eigenmode when . Contours of constant of this surface-wave mode are drawn in Fig. 6 . The selected time instant is for the instantaneous snapshot. This mode propagates in the -direction with phase velocity . The eigenmode depicted in Fig. 6 is evidently excited by the single-source of Fig. 4 , where two such unattenuated surface waves propagate away from the source. The total fields of Fig. 3 show appreciable attenuation in the -directions away from the single ring source.
If
, then eigenmodes having the Fourier index can exist. The numerical implementation of the analysis of Section V produces the eigenmode of Fig. 7 when . The conductor-to-aperture filling ratio is . The real propagation constant is for this surface wave. As the aperture region between adjacent tape rings gets smaller, that is, as , the eigenvalue analysis does uncover lossy, fast modes that can be identified with the cut-on normal modes of an ordinary circular waveguide. In this small aperture regime, the above formulation using surface currents is not as efficient as a boundary value problem cast in terms of the aperture field. Even so, Table III depicts the normalized eigenvalue variation with for fixed values of and . Thus, this aperture extends over 10% of the axial unit-cell of the periodic transmission line. The azimuthal Fourier index is selected to be for this example. At this frequency, the normalized propagation constant of the mode of the closed waveguide is (60) where is the pertinent first zero of . As the apertures get farther apart ( increases) the data in Table III shows that the attenuation constant (imaginary part of ) decreases, as expected, and the real part hovers around the value from the underlying waveguide mode.
VII. CONCLUSIONS
Agreement is demonstrated between the Chebyshev-Galerkin results for the currents induced by a plane wave incident upon axial arrays of skinny tape rings and an independent thin-wire kernel analysis of the equivalent ring array. The eigenmodes derived from the source-free problem confirm the existence of slow surface waves that exist on the mostly open structure when the circumference of the cylinders is quite nearly an integral number of free-space wavelengths, i.e. when , and when the spacing between elements is less than about , that is with . The attendant variation of such a surface eigenmode is in the azimuthal coordinate.
